, and whenever vertices x and y are adjacent ϕ(x) ∩ ϕ(y) = ∅. Meng, Puleo, and Zhu conjectured a characterization of (4,2)-choosable graphs. We prove their conjecture.
Introduction

History
All graphs we consider are finite and simple (we forbid loops and multiple edges). A graph G is (a, b)-choosable (a, b)-choosable if given any list assignment L with |L(v)| = a for each v ∈ V (G), there exists a function ϕ such that ϕ(v) ∈ L(v) and |ϕ(v)| = b for all v ∈ V (G) and ϕ(v) ∩ ϕ(w) = ∅ for all vw ∈ E(G). In other words, ϕ assigns to each vertex a subset of size b of its a allowable colors, and any adjacent vertices are assigned disjoint subsets. Such an L is an a-list assignment (or a-assignment aassignment , for short) and such a ϕ is a b-fold L-coloring
Proof Outline
The proof of the Main Theorem has a number of cases, but the general outline is easy to follow, so we present it here. First we need a few more definitions and a key lemma.
For graphs G and H, we say that G contains a strong minor of H strong minor if H can be formed from some subgraph of G by repeatedly applying the following operation: delete a vertex and identify all of its neighbors. Further, we say that G contains a strong subdivision of H strong subdivision if H can be formed from some subgraph of G by repeatedly applying the following operation: delete a vertex of degree 2 with a neighbor of degree 2 and identify the two neighbors of the deleted vertex. Clearly, if G contains a strong subdivision of H then G contains a strong minor of H, but not vice versa. The following lemma is from [7] , although a slightly weaker form appeared in [9] , and both versions have their roots in [3] , which contains similar ideas for (2,1)-choosability.
Strong Minor Lemma.
If H is not (2m, m)-choosable, and G contains a strong minor of H, then G is not (2m, m)-choosable.
Proof. Suppose that G ′ is formed from a subgraph of G by deleting a single vertex, v, and identifying its neighbors. We show that if G ′ is not (2m, m)-choosable, then neither is G. Let v ′ be the newly formed vertex in G ′ . Let L ′ be a 2m-assignment showing that G ′ is not (2m, m)-choosable. Form a 2m-assignment for G as follows.
, then let L(w) be an arbitrary set of 2m colors. Now suppose that G has an m-fold L-coloring, ϕ. Note that ϕ(w) = L(v) \ ϕ(v) for every w ∈ N (v). Thus, by deleting v and identifying its neighbors, we get an m-fold L ′ -coloring of G ′ , a contradiction. Thus, G has no m-fold L-coloring. So G is not (2m, m)-choosable. The lemma follows by induction on the number of deletion/contraction operations used to form H from a subgraph of G.
In the rest of the paper all graphs we consider are connected and bipartite. It suffices to consider the core of G, so we assume δ ≥ 2 δ (as usual, δ denotes the minimum degree). Most of our work is spent showing that if G does not have one of the forms (i)-(ix) in Conjecture 1, then G is not (4,2)-choosable. Specifically, we will find some subgraph of G that is not (4,2)-choosable. If G has arbitrarily large girth, then clearly we must consider some subgraph of arbitrary size to prove that G is not (4,2)-choosable (since all trees are (4,2)-choosable). However, this is not really a problem. Our idea is to give the same list L(v) to each vertex v in some connected subgraph H 1 . In any valid L-coloring of G, every vertex of H 1 in one part of the bipartition must get the same colors; likewise for every vertex of H 1 in the other part (and the sets of colors used on the two parts must partition L(v)). Thus, all of these vertices in one part essentially function as a single vertex. We also repeat this list assignment method for other vertex-disjoint connected subgraphs H i . (This idea is formalized in the Strong Minor Lemma, above.) As a result, all of the list assignments we construct explicitly are for graphs with at most 10 vertices.
We write B(G)
to denote the set of blocks of G that contain a cycle, those that are not K 2 . It is straightforward to show that if |B(G)| ≥ 4, then G is not (4,2)-choosable. So most of our work is for when |B(G)| ∈ {1, 2, 3}. When |B(G)| = 1 (thus, G is 2-connected, since δ ≥ 2), we prove a structural lemma that says that either G is a graph of the form (i)-(vi) in the conjecture, or else G contains a "bad" subgraph. Next we show that all bad subgraphs are, in fact, not (4,2)-choosable. Given a graph G and a 4-assignment L, to prove that G has no 2-fold L-coloring ϕ, we typically assume that ϕ exists and reach a contradiction. This finishes the case |B(G)| = 1. It also helps significantly with the cases |B(G)| ∈ {2, 3}, since each block in B(G) must be of the form (i)- (vi) . Now suppose B(G) = 2, and pick B 1 ∈ B(G). We focus on some cut-vertex v ∈ V (B 1 ). For most G, we construct some list assignment L and show that G has no 2-fold L-coloring. Our idea is to consider each of the For some of these ways we show that the coloring cannot be extended to all of B 1 , and for the others we show that it cannot be extended to G \ B 1 . The only exceptions are when G is of the form (vii) or (viii). The case |B(G)| = 3 is similar, except that now the exceptions are of the form (ix).
Preliminaries
Most of our other definitions are standard, but, for reference, we collect some of them here. By G contains H we mean that H is a subgraph of G. A k-vertex k-vertex is a vertex of degree k. An ear decomposition ear decomposition of a graph G is a partition of its edges into paths P 0 , . . . , P k such that P 0 is a single edge, each other P i is a path with its endpoints in ∪ i−1 j=0 P j and its internal vertices (if any) disjoint from this subgraph. For a connected graph
If a connected graph has no cut-vertex, then it is 2-connected 2-connected . A block block of a graph G is a maximal 2-connected subgraph. We will use two lemmas of Whitney [10] about 2-connected graphs. We need the second in a slightly more general form than is usually stated, so we include a short proof.
Lemma 1.
A connected graph G with at least three vertices is 2-connected if and only if every pair of edges lie on a cycle.
Lemma 2.
A graph G is 2-connected if and only if G has an ear decomposition. Further, if G is 2-connected and H is a 2-connected subgraph of G, then G has an ear decomposition that begins with an ear decomposition of H.
Proof. Let C be an arbitrary cycle in G. Clearly C has an ear decomposition. Now suppose H is a proper subgraph of G, and P 0 , . . . , P k is an ear decomposition of H. Pick e 1 ∈ E(H) and e 2 ∈ E(G) \ E(H). By Lemma 1, some cycle D contains e 1 and e 2 . Let P k+1 be a shortest path along D that contains e 2 and has both endpoints in H. Now P 0 , . . . , P k , P k+1 is an ear decomposition for a larger subgraph of G. By induction on |E(G) \ E(H)|, we can extend the ear decomposition to all of G. This proves the first statement. To prove the second, begin with an ear decomposition of H, and extend it to an ear decomposition of G, as in the proof above.
Our next proposition is essentially from [3] (and appeared explicitly in [8] ). For completeness, we include the proof. cube (and v is an arbitrary vertex, since Q 3 is vertex transitive). Every graph in G good is known to be (4,2)-choosable (we give specific references at the end of Section 4). Later in this section we show that every graph G is not (4,2)-choosable if either G ∈ G bad or G contains two cycles that intersect in at most one vertex. (The graphs θ 3,3,3 and θ 2,2,2,4 were shown to not be (4,2)-choosable by Meng, Puleo, and Zhu, in Section 6 of [7] ; all other graphs in G bad and G cycles are shown in Figures 3-10. ) To conclude this section, we will determine which strong subdivisions of K 3,3 − e are (4,2)-choosable. Thus, our next lemma plays a central role in our proof of Conjecture 1.
Lemma 4. Let G be 2-connected and bipartite. Either (i) G ∈ G good , (ii) G contains two cycles that intersect in at most one vertex, (iii) G contains a strong subdivision of a graph in G bad , or (iv) G is a strong subdivision of K 3,3 − e.
Proof. Suppose the lemma is false, and let G be a counterexample. Since G is 2-connected, Lemma 1 implies that G contains some θ-graph H; if possible, pick H to have its three paths of odd lengths. For a path P , we write Int(P ) to denote the set of interior vertices of P , excluding the endpoints.
Case 1: Each path of H has odd length. Say H = θ r,s,t , with r ≤ s ≤ t. Since G contains no strong subdivision of θ 3,3,3 , we have r = 1. Let v and w denote the 3-vertices in H, and let P 1 and P 2 denote the other two v, w-paths in H. Since G is 2-connected, Lemma 2 implies that G has an ear decomposition that begins with vw, P 1 , P 2 . Since G / ∈ G good , the ear decomposition continues with some path P 3 . Let x 3 and y 3 denote the endpoints of P 3 . If {x 3 , y 3 } = {v, w}, then G contains a strong subdivision of θ 3,3,3 , a contradiction. If |{x 3 , y 3 } ∩ {v, w}| = 1, then G contains two cycles intersecting in exactly one vertex, a contradiction. If x 3 , y 3 ∈ V (P 1 ), then G contains two vertex disjoint cycles (one in P 1 ∪ P 3 and one in P 2 + vw), a contradiction. So, by symmetry between P 1 and P 2 , we assume x 3 ∈ Int(P 1 ) and y 3 ∈ Int(P 2 ).
If x 3 and y 3 are in the same part of the bipartition, then G contains a strong subdivision of Q 3 − v, a contradiction. So assume that x 3 and y 3 are in opposite parts. If P 3 is the last ear in the decomposition, then G is a strong subdivision of K 3,3 − e, a contradiction. So assume there exists another ear in the decomposition, P 4 ; call its endpoints x 4 and y 4 . If x 4 , y 4 ∈ V (P 3 ), then G contains two cycles intersecting in at most one vertex (one in P 3 ∪ P 4 and one in, say, P 1 + vw), a contradiction. Suppose |{x 4 , y 4 } ∩ V (P 3 )| = 1; say x 4 ∈ V (P 3 ) and, by symmetry, y 4 ∈ V (P 1 ). Again, G contains two cycles intersecting in at most one vertex (one in P 1 ∪ P 3 ∪ P 4 and one in P 2 + vw), a contradiction. So x 4 , y 4 / ∈ V (P 3 ). By the same argument as for P 3 , we can assume that x 4 ∈ Int(P 2 ) and y 4 ∈ Int(P 1 ). Further, when we walk along P 1 ∪ P 2 , vertices x 3 and y 3 must alternate with vertices x 4 and y 4 (since otherwise G contains vertex disjoint cycles, a contradiction). So we may assume the vertices appear in the order x 3 , v, x 4 , y 3 , w, y 4 .
Suppose that x 3 and x 4 are both in the opposite part of the bipartition from v. This implies that also y 3 and y 4 are in the opposite part from w. Thus, G contains a strong subdivision of K 3,3 , a contradiction (the branch vertices are v, w, x 3 , x 4 , y 3 , y 4 ). So at least one of x 3 and y 3 is in the same part of the bipartition as v. Now G must contain a strong subdivision of Q 3 − v; there are two possibilities, both shown in Figure 1 . This completes Case 1.
Case 2: G has a θ-subgraph with paths of even lengths (but none with paths of odd lengths). Let P 1 , P 2 , P 3 be the paths of the θ-subgraph, and let v and w denote their common endpoints. Suppose that G contains a fourth vertex disjoint v, w-path, P 4 . Consider a ear decomposition of G beginning with P 1 , . . . , P 4 . Suppose it continues with some ear P 5 , and let x 5 , y 5 denote its endpoints. By symmetry, we assume that either (i) {x 5 , y 5 } = {v, w}, (ii) x 5 ∈ {v, w} and y 5 ∈ Int(P 1 ), (iii) x 5 , y 5 ∈ Int(P 1 ), or (iv) x 5 ∈ Int(P 1 ) and y 5 ∈ Int(P 2 ). In (i), G has a strong subdivision of K 2,5 , so we are done. In each of (ii), (iii), and (iv), G has two cycles that intersect in at most one vertex, so again we are done. So we assume no such P 5 exists. Thus, either G = θ 2,2,2,2 or G is a strong subdivision of θ 2,2,2,4 ; in each case we are done.
So assume instead that G has no further v, w-path. Since G / ∈ G good , the ear decomposition must have a fourth ear, P 4 ; again, denote its endpoints by x 4 and y 4 . If {x 4 , y 4 } ∩ {v, w} = ∅, then G contains two cycles intersecting in at most one vertex, so we are done. Similarly, if {x 4 , y 4 } ∈ Int(P 1 ), then G contains two disjoint cycles; again we are done. So, by symmetry, we assume that x 4 ∈ Int(P 1 ) and y 4 ∈ Int(P 2 ). Since, we are not in Case 1, vertices x 4 and y 4 must be in the same part of the bipartition. Similarly, vertices x 4 and y 4 are in the same part of the bipartition as vertices v and w. Now G contains a strong subdivision of Q 3 − v, a contradiction (see Figure 4) .
denote the set of five graphs shown in Figures 3, 5, 7, 9 , and 10.
Lemma 5. If a graph G is 2-connected and contains two cycles that intersect in at most one vertex, then G contains a strong minor of some graph in G cycles .
Proof. Let G be 2-connected. Suppose G has two cycles, C 1 and C 2 , that intersect in a single vertex, v. By Menger's Theorem there exists a path P from C 1 to C 2 that has its internal vertices disjoint from C 1 and C 2 . Let w 1 and w 2 denote the endpoints of P on C 1 and C 2 . Now G has as a strong minor the graph in Figure 3 , 9, or 10, depending on whether 0, 1, or 2 of w 1 and w 2 lie in the same part of the bipartition as v.
Suppose instead that G has vertex disjoint cycles, C 1 and C 2 . By Menger's Theorem, G has disjoint paths P 1 and P 2 from C 1 to C 2 (with their internal vertices disjoint from C 1 and C 2 ). Let v 1 and w 1 denote the endpoints on C 1 of P 1 and P 2 , and let v 2 and w 2 denote the endpoints on C 2 of P 1 and P 2 . If either of P 1 and P 2 has even length, then we can contract it to reach the case handled above, since G has as a strong minor two cycles intersecting in a single vertex. So we instead assume that both P 1 and P 2 have odd length. Now G has as a strong minor either Figure 5 or Figure 7 , depending on whether or not v 1 and v 2 lie in the same part of the bipartition.
We typically denote the colors in our 4-assignments by elements of {1, . . . , 7}. For brevity, we usually suppress set notation. So we write 1235 as shorthand for {1, 2, 3, 5}.
Lemma 6. Every graph in G bad and G cycles is not (4, 2)-choosable.
Proof. Given a 4-assignment L for a graph G, to show that G has no 2-fold L-coloring, we pick some vertex z and show that each of the 4 2 ways to color z cannot be extended to all of G. This is generally straightforward, though a few cases involve wrinkles. As an example, consider Figure 3 . Recall that we write ϕ to denote a hypothetical 2-fold L-coloring of G. 
Lemma 7. A strong subdivision of K 3,3 − e is (4,2)-choosable only if it can be formed from K 3,3 − e by repeatedly subividing a single edge incident to a vertex of degree 2.
Proof. Note that K 3,3 − e contains eight edges; four are each incident to one 2-vertex, and the other four are each incident to two 3-vertices. It is easy to check that if a strong subdivision of K 3,3 − e cannot be formed from K 3,3 − e by repeatedly subdividing a single edge incident to a vertex of degree 2, then it is a strong subdivision of the graph shown in either Figure 11 or Figure 12 . So, by the Strong Minor Lemma, it suffices to show that neither of these graph is (4,2)-choosable. Let G denote the graph in Figure 11 , and L denote its 4-assignment. If ϕ(x) = 12: 
The proof of our next result is simple (given our work to this point), but the statement summarizes everything that we have already proved and will need in the rest of the paper. So we call it a theorem. Recall that G good = {C 2s , θ 2,2s,2t , θ 1,2s+1,2t+1 , θ 2,2,2,2 }. Theorem 8. Every 2-connected graph G is not (4,2)-choosable unless either (i) G ∈ G good or (ii) G is formed from K 3,3 − e by repeatedly subdividing a single edge incident to a 2-vertex.
Proof. Suppose G is 2-connected. If G is (4,2)-choosable, then G is bipartite. By Lemma 4, either (i) G ∈ G good , (ii) G contains two cycles that intersect in at most one vertex, (iii) G contains a strong subdivision of a graph in G bad , or (iv) G is a strong subdivision of K 3,3 − e. By Lemma 5, in (ii) G contains a strong minor of a graph in G cycles . So, by the Strong Minor Lemma and Lemma 6, in (ii) and (iii) G is not (4,2)-choosable. By Lemma 7, in (iv) G is not (4,2)-choosable unless it is formed from K 3,3 − e by repeatedly subdividing a single edge incident to a vertex of degree 2.
for a vertex v if every 2-fold L-coloring ϕ of H assigns v one of at most k subsets of L(v). Trivially, every 4-assignment L is 6-forcing for each v ∈ V (H), since 4 2 = 6. We will be interested in the case when k ∈ {2, 3, 4}. For clarity, we write (i) 2 in -forcing, (ii) 2 comp -forcing, (iii) 3 in -forcing, (iv) 3 out -forcing, and (v) 4 out -forcing (again, for a vertex v). This denotes that (i) the two options for ϕ(v) have a common color, (ii) the two options for ϕ(v) are complements of each other (with respect to L(v)), (iii) the three options for ϕ(v) have a common color, (iv) the three options for ϕ(v) exclude a common color, and (v) the two excluded options for ϕ(v) have a common color. Proposition 9. Suppose that there exists x ∈ V (H) with d(x) = 1 and w is the neighbor of x. If H − x has a 4-assignment L ′ that is 4 out -forcing (resp. 2 in -forcing, 2 comp -forcing, 3 in -forcing, and 3 out -forcing) for w, then H has a 4-assignment L that is 4 out -forcing (resp. 2 in -forcing, 2 comp -forcing, 3 out -forcing, and 3 in -forcing) for x.
Note that in the first three cases L is the same type of forcing assignment for x as L ′ is for w. However, the types swap for 3 out -forcing and 3 in -forcing.
Lemma 10. The 4-assignment 1234, 1234, 1235, 2345 to a 4-cycle is 4 out -forcing for the first two vertices. Further, if G consists of a 4-cycle with a path pendant at one vertex, then there exists a 4-assignment that is 4 out -forcing for each vertex of the path and also for the degree 3 vertex and one of its neighbors on the cycle.
Proof. Denote the vertices of the cycle by v 1 , v 2 , v 3 , v 4 , in order. Let L denote the given list assignment. It is easy to check that if ϕ(v 1 ) ∈ {24, 34}, then we cannot complete the coloring. Since L(v 1 ) = L(v 2 ), this implies that if ϕ(v 2 ) ∈ {13, 12}, then we cannot complete the coloring. This proves the first statement. For the second statement, add a path pendant at v 1 . Now extend the 4-assignment L by letting L(v) = 1234 for each vertex on the path. Now the second statement follows by induction on the path length, using Proposition 9.
It is enlightening to know that if G consists of an even cycle with a path pendant at one cycle vertex and v ∈ V (G), then there is no 4-assignment that is 3-forcing for v. (This is an easy consequence of the fact that if B(G) = {C 2s , C 2t }, then G is (4,2)-choosable, which was proved by Meng, Puleo, and Zhu.) However, we will not need this result until later, so we prove it as Corollary 15.
Lemma 11. Let G be a graph with δ ≥ 2 and
Proof. We begin by proving a series of claims. Claim 1. If H = θ 2,2,2 and v, w ∈ V (H) with v and w non-adjacent, then H has a 4-assignment that is 3 in -forcing for v and also has a 4-assignment that is 3 out -forcing for v. Further, in one of these assignments (at least) one of the three allowable colorings of v forces a distinct coloring of w.
We will not need the second statement in the proof of the current lemma, but will use it later on, and it is convenient to prove now. The desired assignments are shown in Figures 13 and 14 . By symmetry, we can assume that v ∈ {v 1 , v 2 } (as shown in the figures), and thus w ∈ {w 1 , w 2 } (as in Figure 14) . First consider the labeling L in Figure 13 . If ϕ(v 1 ) ∈ {12, 13, 23}, then colors 4, 5, 6 are used on its neighbors, so the final vertex has no coloring. Thus L is 3 in -forcing for v 1 
Now consider the assignment L in Figure 14 . It is easy to check that this L forces ϕ(v 1 ) ∈ {13, 14, 34}. This, in turn, forces ϕ( Consider the 4-assignment L shown in Figure 15 . By symmetry (between r and s and also between t, u, v, and w), it suffices to show that L is 2 in -forcing for r, since L(w) = L(r). We show that L forces ϕ(r) ∈ {14, 24}. If ϕ(r) ⊆ 123, then u, v, and w use 6, 5, and 4, so we cannot extend the coloring to s. If ϕ(r) = 34, then w and t use 1, 5, and 6, so we again cannot color s. Thus, ϕ(r) ∈ {14, 24}, so L is 2 in -forcing for r, and also w, which proves Claim 2. Now consider the list assignment L in Figure 18 . We show that it is 2 in -forcing for u (in fact we show that it is 1-forcing for u, but we will not need this). We ∈ ϕ(r) and 1 / ∈ ϕ(x). If 2 ∈ ϕ(s), then ϕ(r) = 46 and ϕ(x) = 35, so we cannot color s. Thus, 2 / ∈ ϕ(s), so ϕ(s) = 34. Now ϕ(r) = 26 and ϕ(x) = 25, so we cannot color w, a contradiction. If ϕ(u) = 56, then ϕ(v) = 24, so 2 / ∈ ϕ(w). Also, 5 / ∈ ϕ(t), so 2 ∈ ϕ(s), so 2 / ∈ ϕ(r) and 2 / ∈ ϕ(x). If 1 ∈ ϕ(w), then ϕ(r) = 46 and ϕ(x) = 35, so we cannot color w. Thus, 1 / ∈ ϕ(w), so ϕ(w) = 56. Now ϕ(x) = 13 and ϕ(r) = 14, so we cannot color s. This finishes the proof of Claim 4. ⋄ 
Figure 18
Suppose G is (4, 2)-choosable. By Theorem 8, we can assume that each block in B(G) is either (i) C 2s , (ii) θ 2,2s,2t , (iii) θ 1,2s+1,2t+1 , (iv) θ 2,2,2,2 (that is, K 2,4 ) or (v) a strong subdivision of K 3,3 − e. Since every instance of (v) contains as a subgraph an instance of (iii), we need not consider (v).
Suppose that one block, say B 1 , of G is K 2,4 . By the Strong Minor Lemma, it suffices to consider the case that the other block, B 2 is an even cycle. Let B ′ 2 denote the subgraph of G consisting of B 2 and the path (possibly of length 0) from B 2 to
) ∈ {12, 13}. Let B 2 be the other block in B(G) and let B ′ 2 consist of B 2 and the path from B 2 to v. By Lemma 10, B ′ 2 has a 4-assignment L 2 that is 4 out -forcing for v. By permuting colors in L 2 , we can ensure that L 2 (v) = 1234 and that
Since G has no 2-fold L-coloring, we conclude that G is not (4, 2)-choosable, a contradiction. So no block of G is θ 1,2s+1,2t+1 .
Suppose that both blocks in B(G) are strong subdivisions of θ 2,2,2 , and let v be a cut-vertex in one block, say B 1 . By Claim 1, block B 1 has a 4-assignment L 1 that is 3 in -forcing for v, and such that L 1 (v) = 1234. Further, by symmetry, we assume that L 1 forces ϕ(v) ∈ {12, 13, 14}. Let B 2 denote the other block in B(G), and let B ′ 2 consist of B 2 and the path from B 2 to v. By Claim 1 and Proposition 9, subgraph B ′ 2 has a 4-assignment L 2 such that L 2 (v) = 1234 and L 2 is 3 out -forcing for v, requiring that ϕ(v) / ∈ {12, 13, 14}. Now L 1 ∪ L 2 is a 4-assignment such that G has no 2-fold L-coloring. Thus, G is not (4, 2)-choosable, a contradiction.
Finally, suppose that B 1 = C 2s and B 2 is a strong subdivision of θ 2,2,4 . By the Strong Minor Lemma, we assume that B 2 = θ 2,2,4 . Let v be the cut-vertex in B 2 , and let B ′ 1 consist of B 1 and the path from B 1 to v. By Lemma 10, subgraph B ′ 1 has a 4-assignment L 1 that is 4 out -forcing for v; by symmetry we assume that L 1 (v) = 1234 and L 1 forces ϕ(v) / ∈ {12, 13}. By Claim 4, block B 2 has a 4-assignment L 2 that is 2 in -forcing for v; by symmetry we assume that L 2 (v) = 1234 and that
Since G has no 2-fold L-coloring, we conclude that G is not (4,2)-choosable, a contradiction.
Thus either B(G) = {C 2s , C 2t } or B(G) = {C 2s , θ 2,2,2 }.
|B(G)| ≥ 3
Lemma 12. Let G be (4,2)-choosable with δ ≥ 2. Now |B(G)| ≤ 3. Further, if |B(G)| = 3, then each block of G is a cycle, G has a path P that contains at least one edge in each block of B(G), the block of B(G) that appears second along P is C 4 , and the cut-vertices in this C 4 are non-adjacent (see Figure 19 ).
Proof. By Lemma 11, we can assume that every block in B(G) is either an even cycle or θ 2,2,2 (since otherwise G contains a subgraph that is not (4,2)-choosable). Suppose some v ∈ V (G) is in at least three distinct blocks of G. Let H ′ 1 , H ′ 2 , H ′ 3 be three components The previous two paragraphs show that each vertex of G is in at most two blocks and that for each block at most two of its vertices appear in two blocks. Thus, there exists a path P that contains an edge of every block in B(G).
Suppose that |B(G)| ≥ 4. By the Strong Minor Lemma, it suffices to consider the case when each block B i ∈ B(G) is a 4-cycle; assume they appear in the order B 1 , B 2 , B 3 , B 4 along P . First, suppose that B 2 (or B 3 , by symmetry) has cut-vertices that are adjacent; call these vertices v and w. Let B ′ 1 consist of B 1 and the path from B 1 to B 2 ; say v is the leaf in B ′ 1 . Similarly, let B ′ 3 denote B 3 and the path from B 3 to B 2 ; note that w is the leaf in B ′ 3 . By Lemma 10, we give B ′ 1 a 4-assignment that is 4 outforcing for v; by symmetry, assume that L 1 (v) = 1234 and L 1 forces ϕ(v) / ∈ {12, 13}. Similarly, we give
Since G has no 2-fold L-coloring, we conclude that G is not (4,2)-choosable, a contradiction. Now assume that the cut-vertices in B 2 (resp. B 3 ) are non-adjacent; call them v 2 and w 2 (resp. v 3 and w 3 ). Define B ′ 1 and B ′ 3 as above, and define B ′ 4 analogously. By Lemma 10, we give a 4-assignment to B ′ 1 ∪ B 2 that is 2 comp -forcing for v 2 . This uses an assignment L 1 for B ′ 1 that forces ϕ(v 2 ) / ∈ {24, 34} and an assignment L 2 for B 2 that forces ϕ(v 2 ) / ∈ {12, 13} (we also require Now assume that |B(G)| = 3 and that the second block along P , call it B 2 , is not C 4 . First suppose that B 2 is an even cycle of length at least 6. If the two cutvertices in B 2 are an even distance apart, then G contains a strong minor of a graph in which a single vertex lies in three edge-disjoint cycles. As shown above, G is not (4,2)-choosable. If the two cut-vertices in B 2 are odd distance apart, then G contains a strong minor of a graph G ′ with B(G ′ ) = {C 4 , C 4 , C 4 }, such that the middle C 4 has cut-vertices that are adjacent. Again, G is not (4,2)-choosable, as shown above. Now assume that B 2 = θ 2,2,2 . Let v and w denote the cut-vertices in B 2 . As shown above, we can assume v and w are non-adjacent (since every pair of vertices in θ 2,2,2 lie on a 4-cycle). Define B ′ 1 and B ′ 3 as above. We give B 2 the 4-assignment L 2 shown in Figure 14 . By Claim 1 of Lemma 11, assignment L 2 is 3 out -forcing for v 1 and 3 in -forcing for v 2 . First suppose that the cut-vertex v is v 1 in the figure, so w is w 1 . By Lemma 10, we give
. Thus, ϕ(v 1 ) = 13. By Claim 1, this implies that ϕ(w 1 ) = 13. But L 3 forces ϕ(w 1 ) = 13, a contradiction. Now instead assume that the cut-vertex v is v 2 in Figure 14 , so w is w 2 . Now, similar to the previous case, we give B ′ 1 a 4-assignment that forces 
is 3 out -forcing for w. Now the first statement in Claim 1 (together with Proposition 9), allow us to give B ′ 3 a 4-assignment L 3 that is 3 in -forcing for w. By permuting colors in L 3 , we can require that L 3 (w) = 2345 and L 3 forces 2 ∈ ϕ(w). Thus, G has no 2-fold (L 1 ∪ L 2 ∪ L 3 )-coloring, which is a contradiction. This concludes the proof.
Theorem 13. If a connected graph is (4,2)-choosable, then either its core is one of the following six types (where s and t are positive integers):
, (vi) a graph formed from K 3,3 − e by subdividing a single edge incident to a vertex of degree 2 an even number of times, or else (vii) B(G) = {C 2s , C 2t }, (viii) B(G) = {θ 2,2,2 , C 2s }, or (ix) B(G) = {C 4 , C 2s , C 2t }, where the C 4 appears second on a path passing through all three blocks, and the two cut-vertices in C 4 are non-adjacent.
Proof. The proof is simply collecting our results thus far. If we are not in (i), then the core of G has minimum degree at least 2. When G is (4,2)-choosable and 2-connected, we are in (i-vi) by Theorem 8. When |B(G)| = 2, we are in (vii) or (viii) by Lemma 11. When |B(G)| ≥ 3, we are in (ix) by Lemma 12.
Theorem 13 confirms one direction of the characterization conjectured by Meng, Puleo, and Zhu. If a graph is (4,2)-choosable, then it is a graph they conjectured was (4,2)-choosable. To complete the proof of their conjecture, we must show that each graph in (i)-(ix) of Theorem 13 is indeed (4,2)-choosable. Case (i) is trivial, and Tuza and Voigt [8] handled (ii) and (v). Meng, Puleo, and Zhu [7] handled (iii), (iv), and (vii). So in the next section we must handle cases (vi), (viii), and (ix).
Graphs that are (4,2)-choosable
In this section we complete the proof of Conjecture 1, by showing that every graph in cases (vi), (viii), and (ix) of Conjecture 1 (and Theorem 13) is indeed (4,2)-choosable. We should mention now that the proof is computer-aided. The main point of this section is to show that verifying (4,2)-choosability for each graph in the four infinite families (case (viii) contains two of these families) can actually be reduced to verifying (4,2)-choosability of four specific graphs, three with 8 vertices and one with 10 vertices. For all of these graphs, Meng, Puleo, and Zhu already verified (4,2)-choosability. For the graph on 10 vertices, we give a human-readable proof that it is (4,2)-choosable. For the other three graphs, as a double-check, Landon Rabern independently wrote a computer program to verify that they are all (4,2)-choosable.
As we mentioned earlier, Meng, Puleo, and Zhu proved that a graph is (4,2)-choosable whenever it is formed from two vertex disjoint cycles by adding a path from a vertex on one cycle to a vertex on the other. We will use a corollary of this fact, so we include their lemma next.
Lemma 14. If G is a connected graph with B(G) = {C 2s , C 2t }, then G is (4,2)-choosable.
Corollary 15. If G is a connected graph with B(G) = {C 2s }, then for each vertex v ∈ V (G), there does not exist a 4-assignment L that is 3-forcing for v.
Proof. Suppose the corollary is false; let G, v, and L be a counterexample. Let C denote the cycle in G, and let G ′ be the subgraph of G consisting of C, v, and the path from v to C. By symmetry, we assume that L(v) = 1234 and that forces either (i) ϕ(v) ∈ {12, 13, 23}, (ii) ϕ(v) ∈ {12, 13, 14}, or (iii) ϕ(v) ∈ {12, 23, 24}. In cases (i) and (ii), we proceed as follows. Form H from two copies of G ′ by adding an edge between the copies of v (with each vertex keeping its list from L). Now H has no 2-fold Lcoloring, contradicting Lemma 14. In case (iii), form two copies of G ′ and L, but in one copy permute the colors in the lists as follows: 1 → 3, 2 → 1, 3 → 4, 4 → 2. Now form H from these two copies by identifying their copies of v. The original list assignment L forces ϕ(v) ∈ {12, 23, 34}, but the modified version of L forces ϕ(v) ∈ {13, 14, 24}. Thus, H has no coloring from this 4-assignment, again contradicting Lemma 14.
Lemma 16. Let G be a graph with B(G) = {θ 2,2,2 , C 2s } or B(G) = {C 4 , C 2s , C 2t } and let e be an edge of G not in any cycle. Form G ′ from G by contracting e. If G is not (4,2)-choosable, then neither is G ′ .
Proof. We handle explicitly the case when B(G) = {θ 2,2,2 , C 2s }; the case when B(G) = {C 4 , C 2s , C 2t } is nearly identical, so we omit it. Let G, e, and G ′ be as in the statement of the lemma. Let v and w be the endpoints of e, with v closer to the θ 2,2,2 and w closer to the C 2s . Without loss of generality, we can assume that v ∈ V (θ 2,2,2 ). Let B 1 = θ 2,2,2 and let B ′ 2 consist of C 2s and the path from it to v. Suppose G is not (4,2)-choosable and let L be a 4-assignment showing this. By Corollary 15, L restricted to B 1 must be 2-forcing for v (otherwise v has a coloring that extends to both B 1 and B ′ 2 , so G is 2-fold L-colorable). As we proved in Lemma 10, there exists a 4-assignment for B ′ 2 that is 4 out -forcing for v, so need only consider these two cases. We show that if L restricted to B ′ 2 is 4 comp -forcing (resp. 4 out -forcing) for v, then it is also 4 comp -forcing (resp. 4 out -forcing) for w. Thus, by permuting colors on B ′ 2 − v and identifying w with v in θ 2,2,2 , we get a 4-assignment L ′ for G ′ witnessing that G ′ is not (4,2)-choosable.
Suppose L is 4 comp -forcing for v. By symmetry, assume that L(v) = 1234 and L restricted to B ′ 2 forces ϕ(v) / ∈ {12, 34}. Suppose 12 ⊆ L(w). Now |L(w) \ 12| ≥ 3, so ϕ(v) = 12 can be extended to w in at least three ways. By Corollary 15, at least one of these three ways is not forbidden by
Hence, L is 4 comp -forcing on w, as desired. If instead L is 4 out -forcing for v, the proof that L is 4 out -forcing for w is very similar. By symmetry, we assume that L(v) = 1234 and L forces ϕ(v) / ∈ {12, 13}. This implies L(w) = 123α and L forces L(w) / ∈ {2α, 3α}. By permuting colors on B ′ 2 − v, we get lists on G ′ such that their restriction to the contraction of
We need one more lemma of Meng, Puleo, and Zhu (it is their Lemma 7.4).
Lemma 17. Let G be a graph containing a path P on 5 vertices which all have degree 2 in G, and let G ′ be the graph obtained by deleting the middle vertex of P and merging its neighbors. The original graph G is (4m, 2m)-choosable if and only if the merged graph G ′ is (4m, 2m)-choosable.
Lemma 18. To verify Conjecture 1, it suffices to show that the four graphs in Figure 20 are (4,2)-choosable.
Proof. By Theorem 13, to prove the conjecture, it suffices to show that all graphs in its cases (vi), (viii), and (ix) are (4,2)-choosable. By Lemma 17 we can assume that every block C 2s or C 2t is in fact C 4 , and that every path in case (vi) has length at most 4. By Lemma 16, we can assume that every edge of G is in a cycle. Finally, the instance of case (vi) where the path of unspecified even length has length 2 is a strong minor of the case where the path has length 4. Thus, we need only consider the latter, which is shown in Figure 20 . Now we prove that the 10-vertex graph in Figure 20 is indeed (4,2)-choosable. As a warm-up, we show that for each graph G in Figure 20 , if G is not (4,2)-choosable, then this is witnessed by some 4-assignment L such that ∪ v∈V (G) L(v) ≤ 8. (These ideas are presented more generally in Lemma 2.2 of [2] , but we just prove the special case that we need here.) This observation was useful in restricting the list assignments that Rabern's program needed to consider. For a graph G, and list assignment L, let pot(L) Proof. Suppose the lemma is false, and let G and L be a counterexample. So |pot(L)| > 8. Note that G contains a vertex subset {x 1 , x 2 }, call it X, such that G − X consists of vertex disjoint paths, each with at most three vertices. Further, if a path P has exactly three vertices, then the interior vertex of P has no neighbors outside of
Pick α ∈ pot(L) \ S. Let G α denote the subgraph of G induced by vertices with α in their lists. Let C be a component of G α . If |C| ≤ 2, then we pick β ∈ S \ ∪ v∈C L(v), and replace by β each instance of α in lists of vertices in C. This is possible, since |∪ v∈C L(v)| ≤ 7. Call the new 4-assignment L ′ . Note that G has a 2-fold L ′ -coloring only if G has a 2-fold L-coloring. (Further, the 2-fold L ′ -colorings map injectively into the 2-fold L-colorings.) Similarly, for each α ∈ ∪ v∈V (G)\X L(v) and every component C of G α , if |C| ≤ 2, then we replace each instance of α in lists for vertices of C by some color β ∈ S that appears on some vertex adjacent to C (but not on C). We repeat this step as many times as possible; call the final 4-assignment L ′ . Now suppose there exists α ∈ pot(L ′ ) \ S. Each component C of G α is a path P on three vertices. Further, each color β appearing on the internal vertex of P must appear on one of its neighbors. So ∪ v∈V (C) L(v) ≤ 7. Thus, there exists β ∈ S \ ∪ v∈V (C) L(v). So we can replace each instance of α on C with β. Repeating this process yields the desired 4-assignment. Now we prove the last piece needed to finish the proof of our Main Theorem.
Lemma 20. The 10-vertex graph G in Figure 20 is (4,2) -choosable.
Proof. Let v and w denote the cut-vertices of G, and let B 1 , B 2 , B 3 denote the blocks, such that v ∈ V (B 1 ) ∩ V (B 2 ) and w ∈ V (B 2 ) ∪ V (B 3 ). Suppose the lemma is false. Let L be a 4-assignment for G witnessing this, let S = pot B 2 (L), and pick L to minimize |S|. Our general approach is to use the ideas in the proof of Lemma 19 to restrict to the case when |S| ∈ {5, 6}, which yields only a few possibilities for L restricted to B 2 . For each of the possibilities we give enough possible ways to color B 2 that they cannot all be obstructed by the lists on B 1 ∪ B 3 .
Claim 1. |S| < 6
Suppose to the contrary that |S| ≥ 6. We show that B 2 has five distinct 2-fold L-colorings such that neither cut-vertex gets the same two colors in any of these five colorings. This implies that G has a 2-fold L-coloring, since L restricted to B 1 (resp. B 3 ) forbids at most two ways of coloring v (resp. w), by Corollary 15.
First, suppose that |S| ≥ 7. As in the proof of Lemma 19, we can assume that each color in S appears in lists of (at least) two adjacent vertices. By Pigeonhole Principle, at least four colors appear on exactly two vertices. If at least two of these colors, say α and β, appear on the same two vertices, say v and x, then |L(v) ∪ L(x)| ≤ 6, so we can replace each instance of α with some color γ ∈ S \ (L(v) ∪ L(x)). Otherwise, two of these colors, α and β, appear on disjoint sets of vertices. Now we can replace each instance of α with β. Thus, we assume that |S| = 6.
Suppose some α ∈ S appears on all four vertices of B 2 . By Pigeonhole, at least three colors each appear only on two vertices. Since each of these colors appears on adjacent vertices, either some pair appears on the same two vertices or some pair appears on disjoint sets of vertices. In the latter case, we can replace one of these two colors with the other. So assume we are in the former case; say colors β and γ each appear only on vertices v and
we can replace α with some color in S \ L(v) ∪ L(x), which contradicts the minimality of |S|. So no color appears on all four vertices of B 2 . Hence n 2 = 2 and n 3 = 4, where n i denotes the number of colors that appear in the lists of exactly i vertices in B 2 . Let 1 and 2 denote the colors that each appear only on two vertices of B 2 . If 1 and 2 appear on the same two vertices, then, up to symmetry (between v and w and also between x and y), the list assignment is as shown in Figure 21 . (This is because after we put 1 and 2 on v and x, two of the remaining colors must be absent from v and two must be absent from x.) If 1 and 2 appear on different pairs of vertices, then (up to symmetry 1 ), the list assignment is as shown in Figure 22 . (This is because after we place 1 and 2 on v, w, and x, two of the remaining colors must be absent from x and one must be absent from each of v and w.) To clarify, to avoid drawing two similar list assignments, we allow the possibility that the cut-vertices in G are either v and w or else x and y.
When the lists are as in Figure 21 , we have the five colorings of B 2 shown in Figure 23 . The lists on B 1 can obstruct at most two of these, and the lists on B 3 can obstruct at most two of these, so at least one of the five colorings of B 2 in Figure 23 extends to all of G.
When the lists are as in Figure 22 , we must consider both the case that the cutvertices in G are those shown as v and w, as well as the case that the cut-vertices in G are those shown as x and y. In the former case, consider the first five colorings of B 2 shown in Figure 24 . As in the previous paragraph, at most two are obstructed by B 1 and at most two are obstructed by B 3 , so at least one extends to all of G. Now consider the latter case, when the cut-vertices are x and y. Now B 3 must forbid ϕ(y) = 56, since otherwise we have six ways to color x, and at most two of them are obstructed by B 1 . We still have three ways to color x, i.e., ϕ(x) ∈ {16, 25, 56}. At most two of these can be obstructed by B 1 . Further, whichever is not obstructed by B 1 allows two different ways to color y. Since B 3 cannot obstruct both of these ways to color y, some coloring of B 2 extends to all of G. This finishes the proof of Claim 1. By the previous claim, we know that |S| ≤ 5. So assume the present claim is false, and |S| = 5. Recall that n i denotes the number of colors that appear in the lists of exactly i vertices in B 2 . By Pigeonhole Principle, we have n 4 ≥ 1. If we also clearly have n 4 ≤ 3. If n 4 = 3, then n 2 = 2. However, the two colors that each appear on only two vertices must appear on disjoint sets of vertices, so we can replace one color with the other, which contradicts the minimality of |S|. Thus we have n 4 ∈ {1, 2}. In the first case, we have n 3 = 4 and n 4 = 1; in the second case we have n 4 = 2, n 3 = 2, n 2 = 1. The only possibility for L in the first case is shown in Figure 25 . If the cut-vertices are v and w, then we let ϕ(x) = ϕ(y) = 35. Now we have three ways to color each of v and w. The lists on B 1 can obstruct at most two colorings of v, and those on w can obstruct at most two colorings on w, so we can color B 2 in a way that extends to a coloring of G. If the cut-vertices are x and y, the argument is nearly identical, but with ϕ(v) = ϕ(w) = 24. The only possibility for L in the second case is shown in Figure 26 . Now we again have five colorings of B 2 such that no vertex gets the same two colors in any of these colorings. Thus, we can extend one of these colorings of B 2 to all of G. This completes the proof of the claim. ⋄ Finally, we consider the case |S| = 4. But now clearly we have six colorings of B 2 such that no vertex gets the same two colors in any of the colorings. Thus, at least two of these colorings of B 2 extend to all of G. This completes the proof of the lemma. Proof. Let C be a 4-cycle with vertices v 1 , v 2 , v 3 , v 4 . Let L(v 1 ) = L(v 2 ) = {1, . . . , 2m}. Let L(v 4 ) = {1, . . . , 2m − 2, 2m − 1, 2m + 1}, and let L(v 3 ) = {2, . . . , 2m + 1}. It is easy to check that C has no m-fold L-coloring ϕ with ϕ(v 1 ) = {1, . . . , m}. By permuting the color classes on v 2 , v 3 , v 4 , for any S ⊂ {1, . . . , 2m} with |S| = m, we can construct a 2m-assignment L S such that L S (v 1 ) = {1, . . . , 2m} but C has no m-fold L S -coloring ϕ S with ϕ S (v 1 ) = S. We begin with 2m m disjoint 4-cycles and for each m-element subset S of {1, . . . , 2m} assign to some 4-cycle the list assignment L S . To form G, we identify the copies of v 1 in all 4-cycles, with each vertex in the new graph inheriting its list assignment from its original 4-cycle; call this list assignment L * , and note that L * is a 2m-assignment. Clearly, the resulting graph G has no m-fold L * -coloring. Thus, G is not (2m, m)-choosable.
Many of the ideas we used to characterize (4,2)-choosable graphs apply more generally. Tuza and Voigt [8] used Rubin's characterization of (2,1)-choosable graphs to prove that they are (2m, m)-choosable for every m. When m is odd, the characterization of (2m, m)-choosable graphs is simple: they are precisely the (2,1)-choosable graphs. To prove this, we need to show that every (2m, m)-choosable graph is (2,1)-choosable. This result is generally attributed to Voigt [9] , although her manuscript does not seem to have been published, and is not widely available. So, for completeness, we include a short argument of Gutner and Tarsi [4] .
Lemma 22 . If m is odd and G is (2m, m)-choosable, then G is (2,1)-choosable. Proof. Let G be (2m, m)-choosable, for some odd m. Let L be a 2-assignment to G. We show that G is L-colorable. Suppose L(v) = {α, β}. Let L ′ (v) = {α 1 , . . . , α m , β 1 , . . . , β m }. We have not said much about algorithms thus far. So it is worth mentioning that if we fix m and also bound the number of vertices of degree at least 3 in an input graph G, then given a 2m-assignment L for G, we can test in linear time whether G has an m-fold L-coloring.
Theorem 23. Fix positive integers m and C. Let G and L be given, where G is a graph with at most C vertices of degree at least 3 and L is a 2m-assignment. We can check in linear time whether G has an m-fold L-coloring.
Proof. Let X be the set of vertices of degree at least 3 and G ′ = G \ X. Note that G ′ is a disjoint union of paths. For each path P , we compute the m-fold L-colorings of its endpoints that extend to an m-fold L-coloring of P .
Let V (P ) = {v 1 , . . . , v k }. In light of the theorem above, it is natural to ask whether (for m fixed) we can test (2m, m)-choosability in polynomial time? We believe the answer is yes, and we formalize this viewpoint with the following conjecture and open question. If the answer to this question is yes, then for each m the class of graphs that are (2m, m)-choosable is characterized by a finite set of forbidden strong minors. To prove that (2m, m)-choosability of an input graph can be tested in polynomial time, one natural approach is to show that we can check in polynomial time whether a graph G contains a graph H as a strong minor.
